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Abstract 

We consider the problem of frequency estimation by observations 
of the periodic diffusion process possesing ergodic properties in two 
different situations. The first one corresponds to continuously diffeen- 
tiable with respect to parameter trend coefficient and the second - 
to discontinuous trend coefficient. It is shown that in the first case 
the maximum likelihood and bayesian estimators are asymptotically 
normal with rate T 3//2 and in the second case these estimators have 
different limit distributions with the rate T 2 . 
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1 Introduction 

Let us consider the model "signal in noise" of the following type 

x(t)=S(&,t)+n(t), 0<t<T, (1) 

where S •) is the signal transmitting the "information" d and observed 
in the presence of additive "noise" n(-). This is a typical model for the 
theory of telecommunications. There is a alarge diversity of statistical prob- 
lems related to this model. One way is to study the different noises (white 
Gaussian, "colored" Gaussian, stationary etc.) and another way is to study 
the different types of "modulations", i.e.; to choose the signals S(-), like 
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amplitude modulation S t) = dh (t), phase modulation S (■$, t) = hit — fl) 
or frequency modulation S{d,t) = h(M). Here the function h(-) is usualy 
supposed to be periodic. The most developed is the theory of estimation of 
periodic signals observed in white Gaussian noise. 

The problem of period (or frequency) estimation has particularities which 
put it in some sense out of traditional (y/n) statistical framework. Let us 
remind some known properties of the maximum likelihood estimator (MLE) 
of the frequency G (a, 0) , < a < (3 < oo obtained by Ibragimov and 
Khasminskii [9] for the model signal in white Gaussian noise (SWN) and 
some related problems for inhomogeneous Poisson processes. 

Suppose that the observed process is 

dX t = A sin (M) dt + adW t , X Q = 0, < t < T 

(SWN) and we have to estimate the frequency $ by the observations X T = 
{X t) < t < T). We are interested by the properties of estimators in asymp- 
totics of "large samples": T — > oo. The Fisher information is 

|2 rT A2 T 3 

(1 + 0(1)) 



l T 0&) = ^- [ t 2 cos 2 (M) dt 
o 1 Jo 



3a 2 

and the MLE is asymptotically normal with the rate T 3 / 2 , i.e.; 

2 3a 2 



A 2 T 3 



(l + o(l))- (2) 



Note that if = oo, then the (uniformly in $) consistent estimation is im- 
possible. Even if we allow 0t ~ > 00 , then for (3 T < exp | — e^j Tj (any 

e > 0) the MLE is consistent and for 0t > exp | + £J Tj the uniformly 

consistent estimation of is impossible (see [9], Section 7.1 for exact statemts 
and proofs). 

If we consider the problem of parameter estimation by observations 

dX t = S(t-'&)dt + adW u X = 0, < t < T, 

where S (•) is periodic function of period 1 having a discontinuity at points 
r* + k, k — 0, 1, 2, . . ., then the rate of convergence of the MLE i9t is differ- 
ent. Let us denote 5* (r*— ) and S (t*+) the left and right limits, 5* (r*+) — 
S ( T *~ ) = r 7^ 0- Then 

T(Sr-0)=>r,, e4^t-^) 2 = ^ (l + o(l)), (3) 



r 
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where rj is a random variable (see [H], Section 7.2). 

The similar problems of parameter estimation were considered in [JU] for 
the model of periodic Poisson process. It was supposed that the observed 
inhomogeneous Poisson process X T = (X t , < t < T) has intensity function 

S (0, t) = S (M) 

where S (t) is r-periodic smooth function. It was shown that the MLE $t is 
asymptotically normal with the rate T 3 / 2 : 

T^(d T -d) ^AT(0,a 2 ), E„(tf r -tf) 2 = ^ (l + o(l)), (4) 

see [10], Section 2.3 for details. 

In the case of discontinuous periodic intensity S (t — d) (shift parameter) 
the rate is (like ([3])) T, i.e.; 

2 2 

T(tf T -tf)^£, E*(tf T -tf) =— (l + o(l)). (5) 

See [10], Section 5.1 for details. Moreover, the problem of frequency estima- 
tion of periodic discontinuous intensity function S (M) was also considered 
and it was shown that the rate of convergence of the MLE is T 2 , i.e.; we have 
the limits 

T 2 (tf T -tf) =K, E»($ T -$y = !^ (l + o(l)). (6) 

In the present work we consider the problem of frequency estimation 
in the case of periodic discontinuous trend coefficient of ergodic diffusion 
process. This work is a continuation of our study of parameter estimation 
problems for periodic diffusion processes started in [6]- [7]. In all these works 
we suppose that the observed diffusion process is given by the equation 

dX t = [S(#,t)+b(X t )}dt + <j(X t ) dW t , X , 0<t<T, (7) 

where the function S ($,t) ,t > is (known) periodic of period r, i.e., 
S (#, t + kr) = S ($, t) the functions b (•) and a (•) are known and smooth. 

This problem of parameter estimation can be considered as particular 
case of flTJ) with "diffusion noise" nit) = b (X t ) + cr (X t ) W t . Therefore once 
more we have a problem of the theory of telecommunication (transmission of 
signals) but this model of observations is as well interesting in some biolog- 
ical experiments related to membrane potential data sets (see Hopfner [3]). 
We suppose that the diffusion process has ergodic properties and describe 
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the asymptotics of the MLE and BE in regular and singular (discontinuous) 
situations. The existance of periodic solution for Markov processes with pe- 
riodic coefficients were studied by Khasminskii [BJ and the ergodic properties 
(law of large numbers, periodic invariant density...) used in the present work 
were obtained by Hopfner and Locherbach [8]. 

We have to note that if the diffusion coefficient is a deterministic function, 
say, o [x) = cr > 0, then the simple transformation (we suppose always that 
b (x) is known) 

Y t = X - f b(X s ) ds 
Jo 

reduces the equation (jTJ) to the well known signal in WGN model 

dY t = S(ti,t) dt + a dW t , Y = 0, < t < T, 

and for this model all mentioned above problems are already well studied. 

Let us denote by jp^,?? 6 Oj the family of measures induced by the 
solutions of (jZJ) in the measurable space (C [0, T] , SB [0, T]) and put 

dP (T) 

M^ T ) = iff) (* T ) ' 

where P^ T -* is the measure corresponding to the process (J7|) with S t) = 0. 
The likelihood ratio is 



L(^)=exp{ [ T ^dX t 
[Jo cr{X t ) 



S($,tf + 2S($,t)b(X t ) dt 
2o(X t f 



and the estimators are defined by the usual formulas: for the MLE $t we 
have 

L (# T , X T ) = sup L (6, X T ) , (9) 
and for Bayesian estimator -dr we write 

f e p(0)L(0,XT) d • (W> 

i.e., we suppose that the loss function is quadratic and the density a pripory 
p (•) is given. We study the asymptotic properties of these estimators with 
the help of the methode by Ibragimov and Khasminskii [9] which consists in 
the establishing some properties of the normalized likelihod ratio process 



, s L(tf + pTU,X T ) 
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where $ is the true value and the choice of the normalizing function cp? — > 
depends on the "smoothness" of the problem. 

In the first work [6] we supposed that the function S t) = S (t — &) 
and S (t) , t > is periodic function having a jump r = S (t*+) — S 1 (r*— ) 7^ 
at the point r* e (0, r). It is shown that the choice of the function (fT = T^ 1 
provides the limit 

Z T (u) Z(u) = exp | 7 W(tt) - y7 2 | , (11) 

with some constant 7. Here W (u) is double sided Wiener process. The 
estimators have the following properties. Let us put 

u Z (u) du 

Z (u) = sup Z (u) , u = ~ , (12) 

J-00 Z ( M ) dM 

then we can write 

T (# T T (# T (13) 



and convergence of all polynomial moments of these estimators (like (jHJ)) take 
place (see [6]). 

In the second work [5] we considered the usual (regular) estimation prob- 
lem with smooth periodic function S (■$, t) such that its derivative is periodic 
too. It is shown that with classical normalization ip? = T~ x l 2 the corre- 
sponding family of measures is LAN : 

Z T (u) =^Z(u) = exp juA - y I (0) J , (14) 

where I (1?) is the Fisher information (on one period) and A ~ A/" (0, 1 ($)). 
For the estimators we obtain, as usual, asymptotic normality 

t {^-*)^Wy ^fa-'HiM (15) 

and convergence of all polynomial moments 

E * (^-^) 2 = ^)( 1 + °( 1 ))- 

The last work is devoted to the study of the local structure of the family 
of measures corresponding to the observations (JZj) with S (1?, t) — S (M) 
where S (i) is a periodic function. We describe the asympptotic behavior of 
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the normalized likelihood ratio (u) in two situations: when the periodic 
function S (t) is smooth and when it is discontinuous. It is shown that in the 
first case the normalizing function ip? = T -3 / 2 and the limit is like (TH1) and 
in the second case ipx = T~ 2 and the limit is like (TIT]) . In the present work we 
descride the properties of the MLE and Bayesian estimators of the frequency 
in the same two situations. We show that in the smooth case the MLE and 
BE are asymptotically normal similar to (jl]) and in the discontinuous case 
we have convergence like ([6]) but with the different limit distributions. 

2 Main results 

The observed diffusion processX T = (X t , < t < T) satisfies the stochastic 
differential equation 

dX t = [S(M) + b(X t )]dt + a(X t ) dW t , X , < t < T, (16) 

and we study the properties of estimators of the parameter d in two situations 
: when the function 5* (t) is smooth (regular estimation problem) and when 
the function S (t) has a discontinuity (singular estimation problem). 
In both cases we suppose that the following conditions are fulfilled. 

Al. The function S (t) is bounded and periodic of period r = 1. The 
functions b (■),&(■) G C\, i.e.; have three continuous bounded derivatives. 
The parameter •& e (a, j3) = 0. 

Let us introduce the constants m, M by the relation 

m < S (t) < M, te [0, 1] , 

and put S- = min (m, 0) and S+ = max (M, 0). 

A2. There exist constants A > and e > such that for \x\ > A we 
have 

2xL{ x< ^a}S- + 2x1L{ x> a}S + + 2xb (x) + a (x) 2 < —e. 

Note that by condition Al these functions satisfy the global Lipshitz 
condition 

\b(x) -b(y)\ + \a (x) -a(y)\ <L \x - y\ 
and the linear growth condition 

|&(a;)| + \<t{x)\ < U (1 + |x|). 
Therefore the equation ffl6|) has a unique strong solution [12]. 
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A3. The diffusion coefficient is a bounded function separated from zero : 
there exist two constants k, K such that 

0<K<a(x) 2 <K (17) 

Under conditions A1,A2,A3 the diffusion process has ergodic properties 
(Hopfner and Locherbach, |8] ), i.e., there exists an invariant (periodic) den- 
sity function (t, x) such that for any absolutely integrable r = l/i9-periodic 
in time function h (i?, t, x) we have (with probability 1) the following limits 

i r T . . i 



' J-ooJO 



-I h(#,t,X t ) dt — ► - / / h(#,t,x) U(t, x)dtdx, (It 



-y " poo 

+ kr,X u+kT ) — ► / h($,t*,x)f 

n fc=i 



(t*,x) dx. (19) 



To prove the asymptotic efficiency we need the following uniform law of 
large numbers. 

A4. The convergence in (TT5|) . OH]) is uniform on compacts K e 6. 

A sufficient for A4 condition is given in the Section 3. Below the condition 
A= (A1,A2,A3,A4). 

2.1 Smooth trend 

We consider the problem of frequency d estimation by observations X T of 
the periodic diffusion process (flEj) . 

B. The periodic function S (t) ,t > is nonconstant and continuously 
differentiate. 

The role of Fisher information in our problem plays the quantity 



i = - r s (M) 2 r ^4 ax dt, 

3r./ 1 ' J-oo a(x) 2 



where dot means derivation : S (t) = dS (t) / dt. 

Introduce the lower bound on the meansquare risk of all estimators $t' 

lim lim sup T 3 E# |tf T - $\ 2 > I (tfo)" 1 • (20) 

(S-5-OT-i-oo |i?-tf |<<5 

This is a version of the well-known Hajek-Le Cam lower bound (see for ex- 
ample [9]). We call an estimator asymptotically efficient if for all $o € @ 
we have the equality 

lim lim sup T 3 E^ \d* T — $\ 2 = I ($o) 1 • (21) 

5-j-OT-j-oo |^_^ |<,5 
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Theorem 1 Let the conditions A and B be fulfilled. Then the MLE and 
BE $t have the following properties uniformly on compacts Kc 9. 



These estimators are consistent: for any 5 > 



sup P* 



> 5} — >■ 0, supP,? 



>6l->0. 



These estimators are asymptotically normal 



We have the convergence of moments : for any p > 



lim T% E 



p 3„ 

= E*|Cr, limT^E^ 

T— too 



• The both estimators are asymptotically efficient in the sense (121 j) . 

Proof. Let us introduce the normalized likelihood ratio 
l(Hr 3/ Vl T ) 



Z T (w 



G U T = (T 3 / 2 (a - #) , T 3 / 2 {(3 - 0)) 



L($,X T ) 

According to dHJ) it has the form (below $ u = $ + T~ 3 / 2 w) 



In (it) 



S fat) -S (tit) 



/o 

This proces can be written as 

fT 



dWt-l 



Sfat)-Sfa) 
°{*t) 



dt 



In (m) 



it 



T 3 / 2 7 *(*t 
It was shown (see [7]) that 



2 /-T 



2T 3 



a(X t 



dt + r T . 



J"3 



t 5 (0t) 



and 



A T (0) 



T t S fa) 



dt — >lfa, r T -> 



dPVi A(0) ~jV (0,I(t?)) 
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Moreover, as we suppose uniform law of large numbers (jSJ), this conver- 
gence is uniform on compacts Kc0. Therefore, if we introduce the random 
process (see (THl) ) 



Z (u) = exp jw A (■&) - —I (0) 
then the following result take place. 



u 



ueTZ, 



Lemma 1 The finite dimensional distributions of the random process (•) 
converge to the finite dimensional distributions of the process Z (•) uniformly 
in •& e K. 

For the proof see [7], Theorem 1.1. Just note that in p] we do not 
supposed the uniformity of this convergence and at present it follows from 
the uniform law of large numbers. 

Lemma 2 For any R > the following inequaulity holds 



sup sup \u 2 — U\\ E# 

tfeK | Ul |+|w 2 |<R 



< C (1 + R 2 ) . (22) 



Proof. Let us put t?i = $ + T 3 / 2 Ui, -i9 2 = -(9 + T 3 / 2 m 2 and 5 (i, x) is defined 
below in (J2T|) . Then the estimate (j2"81) with m = 1 allows us to write 



E# 



1/2 1/2 ^ 

Zrp (U 2 ) ~ Zrp [Ui) 

<dE^n V t 6(t,X t ) 2 dtj H-CaE^jT lf5(«) 2 dt 

< CiT / E^Vf 5 (t, X t f dt + C 2 / E^V 2 5 (t, X t ) 2 dt 
Jo Jo 



T 



T 



= C{T \ E#J(t,X t ydt + C 2 E# 2 5{t,X t ydt. 
Jo Jo 

As the derivative of the function S (t) is bounded and we have ffTTl) we 
can write 

T / E# 2 5 (t, X t f dt < CT (u 2 - Ul f T- % / t 4 dt <C\u 2 - u x | 4 
Jo Jo 

and similary 

E# 2 5 (t, X t ) 2 dt < C(u 2 - Ul ) 2 T- 3 / t 2 dt < C \u 2 - Ul \ 2 . 

Jo 

Therefore this lemma is proved. 
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Lemma 3 For sufficiently large T we have 



supB^ (u) < e" K|u| (23) 
Proof. Let us put $ 2 = 1? + T~ 3 ^ 2 u, $1 = We can write 

< exp ( — l — [ [S (M + T-*' 2 ut) - S (M)] 2 dt 
I 8^ Jo 

because 

f f T 5(t,X t ) 1 f T 5(t,X t ) 2 , 

and by condition (1171) we have as well 

/ 5{t,X t ) 2 dt> — [S (tit + T-'^ut) - S (M)] dt. 
Jo K Jo 

For the last integral according to ( 12 9 p we have (z = $~ 1 T~ 1 / 2 u) 

T 

[ [S (M + T-' 3/2 ut) - S(M)] 2 dt>cT 
Jo 



1 -I- ' 



Further, if u 2 < d 2 T, then 



rp > " 

1 , v? - o ? 92' 



and if u 2 > $ 2 T, then 



jjL t l7/l 2/3 



1 + *" 2 "2(/3-a) 2/3 
because |«| < T 3 / 2 ((3 — a). Therefore 

1^ £ 5(t,X t ) 2 dt>n\u\ 2/3 

with some positive k. 

The properties of the likelihood ratio process established in Lemmas 1-3 
allow us to apply the Theorems 3.1.1, 3.1.3 and 3.2.1 in [9] and to obtain all 
properties of the MLE and BE announced in the Theorem [TJ 
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2.2 Discontinuous trend 

We have the same model of observed periodic diffusion process (1T61) but the 
function S (t) ,t > is now discontnuous. More precizely, the following 
condition holds. 

C. The function S (•) is periodic with period 1, is continuously differen- 
tiable everywhere except the points r* + k (V* 6 (0, 1) , k — 0, 1,2,.. .) and at 
the points r* + k it has the left and right limits S (r*— ) and S (t*+) respec- 
tively, S (t*+) — S (t*— ) = r^0. 

The likelihood ratio random function L (■#, X T ) , $ e G is continuous with 
probability 1 (see Lemma [5] below) , hence the solution of equation (jHJ) exists 
and the both estimators $t and t?r are well defined. 

The limit distributions of these estimators are described with the help of 
the random variables u and u defined in (1121) where Z (u) is given by (TIT]) 
with 

7 2 = [S (r.+) - S (r*-)] 2 r ^$ dx. 



x, 2cr(x) 2 



The lower bound on the meansquare risk of all estimators is similar to 
lim lim sup T 4 E tf |tf T - i?| 2 > E^w 2 . 

(5->0T->-cx3 |^-i? |<<5 

For the proof of more general result see [9j, Section 1.9. In our case this 
inequality can be prooved in three lines if we suppose that we have already 
proved the uniform convergence of moments of the BE 



T 4 E„ 



2 — > Etf Iwl 2 



(Theorem [2] below) as follows. Let us denote ps (9) ,9 G [i?o ~ <5> $o + a 
density function and #t the corresponding bayesian estimator. Then we can 
write 

r#o+6 



sup T^\d T -d\ 2 >T 4 / E e |tf r -#| 2 p 5 (0)d0 

|#-i?o|<<5 JA)-<5 

p 5 (#)d#^ / E e |M| 2 W (^)d^ = E tfo |M| 2 



/■0o+<5 




/ E e 









This bound allows us to call an estimator asymptotically efficient if 
for all $0 £ @ we have the equality 

lim lim sup T 4 E tf - ^| 2 = E^ |w| 2 . (24) 

5-^OT->-oo| 1 y_ tfo |< l5 
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Remind that the last value is known : E,? \u 



~|2 



19,37" 



and is less 



than the similar quantity for the MLE E# \u\ =267 



Theorem 2 Let the conditions A and C be fulfilled. Then the MLE $t and 

BE -dr have the following properties uniformly on compacts Kc8 : 

• The both estimators are consistent. 

• They have different limit distributions 

T 2 (& T - ■&) u, T 2 U T - ■& 



u. 



The convergence of moments take place : for any p > 



lim T 2p E,? 



Etf \u\ 



lim T 2p E# 

T-»oc 



E„ \u\ p , 



• BE are asymptotically efficient in the sense (1241) . 

Proof. The normalized likelihood ratio is now 
L($ + T- 2 u,X T ) 



Z T (u) 



u 



eU T = (T 2 (a-tf),T 2 (P -#)). 



L($,X T ) 

We have the following result (see [7], Theorem 1.2) 

Lemma 4 The finite dimensional distributions of the random process Zt (u) 
converge to the finite dimensional distributions of the process Z (u) uniformly 
on compacts Ke 6. 

To explain this convergence we can write the log-likelihood ratio as follows: 
(below $ u = t? + T" Y u > 0) 



In Z T (u) 







S (# u t) - S (M) 



dW t -l 







S(# u t)-S(M) 



dt 



g r-r SM sm (s M -smr At +0{1) 

^J,*+k o(X t ) ^Jr t+k 2 a (XA 2 



E 

fc=0 



dW t 



i*±k a (X t ) 2 Ji*±k a (X; 



dt 



+ 0(1) =^jW(ll) - y |u| 
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because 



dt 



u 



, .Jzsd* a(X t 

k=0 tin v 1 



[TO] 

£ 



fc = 0" I A Tt+fc 



0(1) 



oo cr (x) 



2 dx = - 



dx 



oo a (x 



Here [Ti?] is the integer part of Tfi. The asymptotic normality of the stochas- 
tic integral follows from this convergence (central limit theorem). For the 
details see [7]. 



Lemma 5 The following inequaulity holds 



sup Etf 



1/4 



< C \u 2 — u\ 



(25) 



Proof. According to ( 128|) with m = 2 we have 

4 



E, 



( M 2) - ( M 



1/4 



V t 6(t,X t ) 2 dt) +C 2 E^[ V 2 5{t,X t ) 2 dt 



< CiE^ 1 



Let us put = "& + T 2 ui,$ U2 = $ + T 2 u 2 , N = [T$ U1 ] and consider 
the case < «i < «2- Then we can write 



N-l 



V t 5(t,X t ) 2 dt = J2 



k=0 



+ 



2 



+ 



»U1 



#«1 



\45(t,X t ) 2 dt. 



The function 5 (i, X £ ) 2 on the intervals 



?9 ' i9 



and 



+ k k + 1 



u Ul "U\ 

is continuously differentiable on d and therefore is maj orated as follows 

5(t,X t ) 2 <Ct 2 {U2 ~ Ul)2 



Further, we have 

. T*+fc 



,U1 V t 5(t,X t ) 2 dt <C [,S(r,+)-S(r,-)] 2 / ^ V t dt. 



r*+k 
2 



I'll 



T«+fc 
0„ 
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Hence 

fc=0 17 / fc=0 



fc=0 !?„ 



2^8 
fc=0 



Remind that E^V^ 4 = 1. For the second integral the similar arguments 
provide 



E 



Oi 



(J V 2 5(t,X t ) 2 d?j <C(u 2 - Ul ) 2 . 



Now (1251) follows from the last two estimates. 
Lemma 6 For sufficiently large T we have 

supE^ /2 (w) < e - K|u|1/2 (26) 

Proof. Following the proof of Lemma [3] (with d u = $ + T~ 2 u) we obtain the 
estimates 

E,?4 /2 (u) < exp l—^p [ [S (M + T- 2 ut) - S (M)] 2 dt 

and 

/ 5(t,X t ) 2 dt>^- [ [S(M + T- 2 ut) -S(M)] 2 dt. 
Jo K Jo 

Further, the estimate fl30j) allows us to write (2; = , d~ 1 T~ 1 u) 



/ [5(^ + T- 2 nt) -S(tft)] 2 dt >cT 



M 



1 + 



If \u\ < i?T, then 



1 + M - 2i? 



and if \u\ > i?T, then 



T ^?r >£> "I 



1 + 2 -2(/3-«) 1 / 2 
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because \u\ < T 2 (f3 — a). Therefore 

-L £ 5(t,X t ) 2 dt>K\u\ 1/2 

with some positive k. 

The convergence of the finite-dimensional distributions of the random 
function Z T (■) together with f[2"5l) and f[2"6"j) allow us to cite the Theorems 
1.10.1, 1.10.2, where the mentioned in the Theorem[2]properties of estimators 
are proved. 



3 Auxiliary results 



Two lemmae. We remind here one estimate for the increaments of the 
likelihood ratio and two lemmae which allowed us to prove the Lemma 2,3,5,6. 
Let us introduce three diffusion processes 

dX t = [S fat) + b (X t )} dt + a (X t ) dW u X , < t < T, i = 0, 1, 2, 

and denote by P^. , i = 0, 1, 2, the corresponding measures induced by these 
processes in (C [0, T] ,&[0,T}). The Radon- Nikodym derivatives are denoted 

as 

where m > 1 is some integer. Below we put 

6{t,x) = ^ . (27) 

Remind that we suppose (TTTj) and that the function S (t) , t > is bounded, 
hence the function 5 (t, x) is bounded too and by Lemma 1.13 in [11] we have 
the following result. 

There exist constants C\ (m) and C2 (m) such that 



E 



ry\l1m yl/2m 

z 2 - Z 1 



m <C 1 (m)E^(j V t 5(t,X t ) 2 dt 



Aj T V t 2 8{t,X t fdt 



+ C 2 (m)E tfl / ^5(t,X t )Mt (2 



The exponential decreasing of the tails of Zt (u) are verified with the help 
of the following two lemmas. 
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Lemma 7 (Ibragimov and Khasminskii) Let h (t) be a nonconstant contin- 
uously differentiable periodic function. Then for all T sufficiently large and 
for some constant c > 0, the inequality 

cT 



1 
f 



h[t+-t)-h(t) 



dt > c 



1 + z 2 



(29) 



is valid. 

For the proof see [9], Lemma 3.5.3. 

The similar result for discontinuous function is given in the following 
Lemma. 

Lemma 8 Let S (t) satisfies the condition B. Then for all T sufficiently 
large and for some constant c > 0, the inequality 



1 

T 



T 



S[t+-t)-S(t) 



dt > c 





z 




1 + 


z\ 



(30) 



is valid. 



The proof of this lemma is a modification of the proof of lemma which can 
be found in 1 10] , Lemma 5.7. 



On uniform convergence. The uniform in $ G O convergence (condi- 
tion A4) 



1 

f 



h{d,t,X t ) dt 



OO PT 



oo JO 



h (tf, t, x) U (t, x) dt dx = A (■&) 



means, that for any e > we have 



SUp Ptf 



±£[h{#,t,X t )-A{0)] dt 



> e 



0. 



(31) 



Let us denote by H t, x) the solution of the following equation 
— + [S (M) + b (x)] — + A^-q-t = h (0, t,x)-A (0) 



Then we can write 

f -T 



ijf [h(#,t,X t )-A(#)} dt 



H(0,T,X t )-H(0,O,Xq) 



T 



H' x (^t,X t )a(X t )dW t 
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Hence 

1 f^o.^ AfjM j\'nV*( H &> T > X T)-B(W,X )y 



[h(0,t,X t )-A{0)] dtj <2- 



J^2 



2 ' T 



[ E»(H' x ($,t,X t )a(X t )) 2 dt 
Jo 



It is sufficient to suppose that the last expectations are bounded uniformly 
in $ e B and apply in ()3ip the Tchebyshev inequality 



4 Discussion 

Choice of the signal. Let us consider the equation (J7|) with two types of 
modulation : p) phase S t) — S (t — i?) and f ) frequency S t) = S (M) 
in two situations : smooth and discontinuous. Then from the results obtained 
in [5]-[7j and presented in this work it follows that we have four problems 
with four different rates 

2 c „\ 2 c 

T3 



smooth (p) E„(tf T -tf) (/) E*(tfr-tf 

discontinuous (p) E* - ~ (/) (tf T - ~ ^j. 



It is natural to ask: how far can we go in the rate of convergence? What is 
the best choice of the signal and what is the best rate? 

The similar statement for the signal in white Gaussian noise problem 

dX t = S (&,t) dt + dW t , X = 0, < t < T, $ 6 [0, 1] 

was considered by M. Burnashev pQ. It was shown that for signals satisfying 

i £s($,t) 2 dt<L (32) 

the best choice yields (T — > oo) 

inf sup E,? ($ T -$) 2 = exp \~T (1 + o (1))). 

S,*r0e[O,l] v y I 6 J 

Therefore the rate can be even exponential. The similar result was obtained 
for inhomogenneous Poisson processes too [2j. It follows that if the diffusion 
coefficient a (x) 2 = 1 and the signal S ($,£) in the equation ([7]) satisfies the 
condition fl32|) . then we have the same result with exponential rate. 
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Generalisations. There are several generalisations which can be done 
by the direct calculations similar to one given above. 

If the function S (t) has jumps in k points < Ti,...,Tk < t and is 
continuously different iable between these points, then the estimators have the 
same asymptotic properties as described in the Theorem [2] but the constant 
is 



2 \- / [S (n+) - S (n-)] 2 

The problem becames a bit more complicate if 

k 

dX t = J2Si(t- 0,) dt + b (X t ) dt + a (X t ) dW t 
i=i 

and i9 = . . . , but can be done too. The limit likelihood ratio is a 
product of k one-dimensional likelihood ratios. See the details in [10], where 
the similar problems were considered for periodic Poisson processes. 

Three-dimensional parameter. In both problems studied above we 
supposed that the unknown parameter is one-dimensional. It is interesting 
to see the properties of estimators, say, in smooth case when the we have 
three dimensional parameter $ = (p, u, ip) in the model of observations 

dX t = p sin (2-ku t + <p) dt + b{X t )dt + a (X t ) dW t , X = 0, < t < T, 

i.e.: we have to estimate the amplitude p, frequency u and phase <p of the 
signal S = p sin (ut + cp). 

The functions b (-) and a (•) satisfy the condition A. This problem of 
parameter estimation is regular and the technique developped in this work 
together with calculus presented in Example 4 Section 3.5 in [9] allows us to 
show that the MLE $t is consistent and asymptotically normal : 



y/T {p T -p)=$-T}, T 3/2 (Qj T -u) VT (0 t - if) C 
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